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SPRING ELEMENT

"Everything important is simple.”



One Spring Element

Nonlinea
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One Spring Element
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Spring System
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Consider the equilibrium of forces at node 1,

F=f
at node 2,
By = fy+ 7
and node 3,
Fy = f2.
That Is,
Fi = ku — kuw
F = —kwu + (kl + kQ)UQ — kous
F3 — —kQ’UQ + ]CQ’LLg
In matrix form,
[ k‘l —]ﬁ 0 1 U1 F1
—]{'1 ]’Cl -|—]<32 _kQ U9 = F2 or KU =F
0 —ko ko | U3 F3

K is the stiffness matrix (structure matrix) for the spring system.



"Enlarging” the stiffness matrices for element 1

0 0
0 ko
0 —ko

0
— ks
ko

and 2, we have

— 1
2
2

Adding the two matrix equations (superposition), we have

C

_kl
0 kl + kz
0 —ko

0
— ks
ko

This is the same equation we derived by using the force equilibrium concepit.



WEshiaving, uy = 0 ar}{d 672 — =P

which reduces to

and

Unknowns are

U = { 52 } and the reaction F} (if desired).
3

Solving the equations, we obtain the displacements
U9 - 2P/k1
Us » 2P/k’1 + P/k’z

Fy = —2P.

and the reaction force



Example 1:
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Example 2:
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Example 3:
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Most structural analysis problems can be treated as linear static problems,
based on the following assumptions

1. Small deformations (loading pattern is not changed duo to the deformed
shape)

2. Elastic materials (no plasticity or failures)

3. Static loads (the load is applied to the structure in a slow or steady fashion)

Linear analysis can provide most of the information about the behavior of
structure, and can be a good approximation for many analysis. It is also the
bases of nonlinear analysis in most of the cases.



Bar Element (1-D)
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Assuming that the displacement w is varying linearly along the axis of the bar,
l.e.,

@ = (1-F)u + 7w
u(z) = ) ui t Ty
we have A
e = 7 L 7 (A = elongation)
EA
— E —
o £ 7
We also have 7
o=~ (F' = force in bar)
EA F
Thus, o = Fe = Tanda =7 lead to
EA
F=—A=EkA
L

where k = ETA IS the stiffness of the bar.



The bar is acting like a spring in this case and we conclude that element

stiffness matrix is

A BAC
-~ L L
k:[kk kk]:
- _BA BA
L L

or

This can be verified by considering the equilibrium of the forces at the two

nodes.

Element equilibrium equation is

FA| 1 -1
L | -1 1

I

}

Number of components of the displacement vector at a node.

For 1-D bar element: one dof at each node.



The jth column of k (there ; = 1 or 2) represents the forces applied to the bar to
maintain a deformed shape with unit displacement at node j and zero
displacement at the other node.



We derive the same stiffness matrix for bar using a formal approach which can
be applied to many other more complicated situations.
Define two linear shape functions as follows

Ny(§) =1-¢&  N;§) = ¢,

where -
S < €<
¢=7, 0=¢&=l
X X . .
From u(z) = (1 — Z) u; + Tuj We can write the displacement as
u(z) = u(€) = Ni(&u; + N;(&)u,
s
or — . . / =
u=| N N]]{uj } Nu. (1)
... du
Strain is given by ¢ = e and (1) as
du d
€:£: [EN]u:Bu



where B is the element strain-displacement matrix, which is

d d dg
B= [ MO Ni© =5 [ MO N o5
. I 1
e, B-| 1 1|
L L

Stress can be written as
o = Fe = FBu

Consider the stored in the bar
1 T 1 ToT 1 T T
U=-[ c'edV == [ (uB"EBu)dV = -u (B"EB)dV | u
2 Jv 2 Jv 2 o
du d
where ¢ = e d_N u = Buand o = F< = EBu have been used.
i h
The done by the two nodal forces is

1 1 1 .
W = §f7;uz- + §fjuj' = Ju f



For conservative system, we state that
U=W

which gives
luT [/ (BTEB> dV] u = 1qu
2 v 2

We can conclude that

[/V(BTEB)dV]u:f or ku=f

where
K — / (BTEB) dV 2)
\%

IS the



Expression (2) is general result which can be used for construction of other
types of elements. This expression can also be derived using other more
rigorous approaches, such as the Principle of Minimum Potentional Energy, or

the Galerkin’s Methods.

Now, we evaluate (2) for the bar element by using B = [ —% % ]

L
0 ~1/L EAT 1 -1
which is the same as we derived using the direct method.

Note that from and , the strain energy in the element can be written as

1
U = §uTku
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that is,

1
W, = su'f,withf, = { Z%; }

Thus, from the U = W concept for the element, we have

1 1 1
§uTku — 511Tf i équq

which yields
ku = f + £,

The new nodal force vector is

| fi+4qL/2
f+fq_{fj+qL/2}
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Example 5:
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Bar Elements in 2-D Space

Local Global
T, Y X, Y
ug, vl Usy Vg
1 dof at node | 2 dof’s at node

Note: Lateral displacement v, does
not contributed to the stretch of
the bar, within the linear theory.

Transformation

u;, = u;cosf + v;sinf = [ /

v, = —u;sinf + v;cosf = [
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In matrix form,
U
v
where the transformation matrix
~ ¢/ m
| Y

is orthogonal, that is, T~! = T7T.
For the two nodes of the bar element, we have

NN O~

(’ng\ B g m O O_ (’U,,L'\
/ -~ . _
S I B O withT:[r(I)‘%]
/ J
[ ¥ 0 0 —-m £ | v

The nodal forces are transformed in the same way,

f' = Tf.



In the local coordinate system, we have

FA|l 1 =1 u;
L | -1 1 u;

Augmenting this equation, we write

1 0 =1 0] ( w )
EA 0000<fug>_
L | -1 0 1 0 u (T

0 0 0 0] v |

of,

k/u/ — f/

Using transformations given in u’ = Tu and f’ = Tf, we obtain

k'Tu = Tf

Multiplying both sides by T?" and noticing that T T = I, we obtain

Tk Tu =

f



Thus, the element stiffness matrix k in the global coordinate system is
k = T'K'T

which is a 4 x 4 symmetric matrix.

Explicit form,
[ 2 m =0 —fm ]
I — EA | fIm m?> —fm —m?
L —0? —Im P /m

—fm —m?  Im m?

Calculation of the directional cosines ¢ and m:

-, Y-
¢ = cosf = jL : m = sinf = jL :

The structure stiffness matrix is assembled by using the element stiffness
matrices in the usual way as in the 1-D case.



azEa‘:EE{

That is,

U -

U

Q. S~
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Bar Elements in 3-D Space
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Element stiffness matrice are calcualted in the local coordinate systems and
then transformed into the global coordinate system (X, Y, Z) where they are
assembled.

FEA software will do this transformation automatically.

(X, Y, Z) for each node

FE and A for each element



back to start
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