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Nodal forces and moments are related to nodal displacements and rotations by
the element stiffness matrix. We will formulate the element stiffness matrix using
the direct approach, which

. During our formulation of the
element stiffness matrix for the one-dimensional beam element, we assume that
there are no axial displacements or forces. There can be a vertical force and a
moment applied at each node, which results in a vertical displacement and/or a
rotation at each node. Since we are relating 4 nodal forces and moments, to 4
nodal displacements and rotations, the element stiffness matrix must be a 4 x 4
matrix, that relates each force and moment to the displacements and rotations.
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In order to determine the coefficient values k;; in the stiffness matrix, we will
iIndividually set each displacement and rotation equal to one, while keeping the
others equal to zero. This is referred to as the unit displacement method. Each
time we do this, we will be able to determine another column of the stiffness
matrix. Each column of the element stiffness matrix is associated with an
equilibrium problem.
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Using beam deflection and slope equations, (which can be found in most
strength of materials texts) we can derive the following equations:
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Where positive element sign convention has been used for nodal displacements
and rotations as in the right-hand side above. Solving the two equations
simultaneously for the force and moment at node |, results in the following
equations:
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The terms for the first column of the element stiffness matrix are shown below :
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Column 2:

In order to obtain the second column we assume a rotation at node | that is
equal to positive one, while keeping both vertical displacements and the rotation
at node J equal to zero.
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When the common terms are factored out, we end up with the following stiffness

matrix:

Our FEM equation for the one-dimensional beam elemen:[ becomes:
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Apply the formula,
L
k = / B! EIBdx
0

To derive this, we introduce the shape functions,

Ni(z) = 1 — 32*/L? + 22°/L°
No(z) = x — 22°/L + 2°/L?
N3(z) =  3z%?/L* — 223/L3
Ny(x) = —2?/L + z°/L?

Then, we can represent the deflection as,

v(z) = Nu =
= | Mi(z) Na(z) Ns(z) Nu(z) |9 29)2
0;




which is a cubic function. Notice that,
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which implies that the rigid body motion is represented by the assumed
deformed shape of the beam.
Curvature of the beam is,
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where the strain-displacement matrix B is given by,
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Strain energy stored in the beam element is
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We conclude that the stiffness matrix for the simple beam element is

L
k = / B! EIBdzx .
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Combining the axial stiffness (bar element), we obtain the stiffness matrix of a
general 2-D beam element,
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