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Under contain conditions, the state of stresses and strains can be simplified. A
general 3-D structure analysis can, therefore, be reduced to a 2-D analysis.
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For elastic and isotropic materials, we have,

E - 1/E  —v/E 0 | O €20
Exy = | —v/E 1/E 0 oy — €40
Yy 0 0 1/G | Try € 210

or
e =E o + g

where ¢ is the initial strain, £ the Young’'s modulus, v the Poisson’s ratio and G
the shear modulus. Note that,

which means that there are only two independent materials constants for
homogeneous and isotropic materials.



We can also express stress in terms of strains by solving the above equation,

O B 1 v 0 o €20
o — T2 v 1 0 Ey — Ey0
Tay i 0 0 (1 - V>/2 | Yy Yxy0
or,
o = Ee + oy
where oy = —Eg is the initial stress.

The above relations are valid for plane stress case. For plain strain case, we
need to replace the material constants in the above equations in the following
fashion,
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For example, the stress is related to strain by

O B 1l —v 1% 0 Ex €20
gy — v 1—v 0 Ey €40
e (1+v)(1 —2v) 0 0 (1—2v)/2 ] Yy Y10

In the plane strain case.
Initial strains due to

(thermal loading) is given by,

€20 aAT
€90 — a\T
Y10 0

where « is the coefficient of thermal expansion, AT the change of temperature.
Note that if the structure is free to deform under thermal loading, there will be no
(elastic) stresses in the structure.



For small strains and small rotations, we have,

Ex 0 /0x 0 "
Ey — 0 0 /0y {v}’ or e = Du
Yy _8/8y 8/8:10_

From this relation, we know that the strains (and thus stresses) are one order

lower than the displacements, if the displacements are represented by
polynomials.



In elasticity theory, the stresses in the structure must satisfy the following
equilibrium equations,

00, 87'9@

8x 0y T =0
O Tay 6’0y -
0x 6y Ty =0

where f, and f, are body forces (such as gravity forces) per unit volume. In
FEM, these equilibrium conditions are satisfied in an approximate sense.



The boundary S of the body can be divided into two parts, S, and S;. The
boundary conditions (BC’s) are described as,

u = u, v = 0, on S,

ty = tg, ty

|
~

" on S;
in which ¢, and ¢, are traction forces (stresses on the boundary) and the barred

quantities are those with known values.
In FEM, all types of loads (distributed surface loads, body forces, concentrated
forces and moments, etc.) are converted to points forces acting at the nodes.



The exact solution (displacements, strains and stress) of a given problem must
satisfy the equlibrium equations (2), the given boundary conditions (3) and
compatibility conditions (structures should deform in a continuous manner, no
cracks and overlaps in the obtained displacement fields).
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Displacements (u, v) in a plane element are interpolated from nodal
displacements (u;, v;) using shape functions N; as follows,

( U )

1

U1

u - N1 0 N2 0 -
SD R A LS S TR
U2
\ E /
where N is the , u the displacement vector and d the

. Here we have assumed that » depends on the nodal
values of v only, and v on nodal values of v only.
From strain-displacement relation e = Du, the strain vector is,

e = Du = DN, or e = Bd (4)

where B = DN is the



Consider the strain energy stored in an element,

1

1
U = _/ oledV = _/ (02Ex + OyEy + TayVay) AV =
2 |4 2 |4

1 1
= —/ (Ee)TedV — —/ el EedV =
2/, 2/,

1 1
= —d’ / B'EBdVd = -d'kd
2 Jv 2
From this, we obtain the general formula for the element stiffness mairix,
k = / B'EBdV . (5)
|4

The stiffness matrix k defined by (5) is symmetric since E is symmetric. Also
note that given the material property, the behavior of k depends on the B matrix
only, which in turn on shape functions. Thus, the quality of finite elements in
representing the behavior of a structure is entirely determined by the choice of
shape functions.

Most commonly employed 2-D elements are linear or quadratic triangles and
qguadrilaterals.



Constant Strain Triangle (CST or T3)
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Displacements given by (??) should satisfy the following six equations,

up = by + by + b3y
uy = by + bowo + b3y
v3 = by + bsrs + b6y3
Solving these equations, we can find the coefficients by, by, ..., and bg in terms

of nodal displacements and coordinates. Substituting these coefficients into (6)
and rearranging the terms, we obtain,

Uu - N1 0 N2 0 N3 0 < U9 > (7)
N 0 N1 0 N2 0 N3 (%)

\

where the shape functions (linear functions in x and y) are



1

N, =
1
Ny =
1
Ny =

and

1
A = —det
2

Is the area of the triangle (Prove this!).
Using the strain-displacement relation (¢ = Du), results (7) and (9), we have,
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— Bd = — 0
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where z;; = z; — x;andy;; = v; — y, (4, 7 = 1, 2, 3). Again, we see constant
strains within the element. From stress-strain relation (Eq.(oc = Ee + o), for
example), we see that stresses obtained using the CST element are also
constant.

Applying formula (5), we obtain the element stiffness matrix for the CST
element,

k = / B'EBdV = tA(B'EB) (11)
%4

in which t is the thickness of the element. Notice that k for CST is a 6 by 6
symmetric matrix. The matrix multiplication in (11) can be carried out by a
computer program.

Both the expressions of shape function in (9) and their derivations are lengthy
and offer little insight into the behavior of the element.
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Shape function N, for CTS
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We have two coordinate system for the element: the global coordinates (z, y)
and natural coordinates (&, n). The relation between the two is given by

r = Niz1 + Noxog + Nixs
y = Nyi + Noya + N3ys
ofr,
€T = 56135 =F L937) -+ X3
Yy = y3n + Y31 + Y3

where z;; = z; —z;and y;; = v; —y; (¢, 7 = 1, 2, 3) as defined earlier.
Displacement » and v on the element can be viewed as functions of (z, y) or
(&, m). Using the chain rule for derivatives, we have,

( Ou ) Oz Oy | ( Ou ( Ou
o& D& OE ox dx
X b = X o= JX > (15)
ol Oz Oy | | Ou it
\@77) _877 8n_\3y; ( dy )

where J is called the Jacobian matrix of transformation.



From (??), we calculate,

J — [ 13 Y13 ]7 J-! 1 [ Y23 —Y13 ] (16)

To3  Yo3 24 | —x23 T13

where det J = x13y23 — T23y13 = 2A has been used (A is the area of the
triangular element. Prove this!).
From (15), (16), (7) and (12) we have,

( Ou ) . . ( Jdu | . .
oz 1 Y23 —Y13 0¢& 1 Y23 —Y13 up — u3
< b = o \ b= o
8_71’ = | — 223 L13 | @ e | — 223 L13 | Uz — Us
9y L I,
(17)
Similarly,
( Ov )
% 1 Y23 —Y13 V1 — Vs
@ | —J223 X133 | U2 — U3
. 0y



Using the results in (17) and (18), and the relations e = Du = DNd = Bd, we
obtain the strain-displacement matrix,

Y3 0 y31 0 yi2 O

32 Y23 X13 Y31 TL21 Y12

which is the same as we derived earlier in (??).

Use in areas where the strain gradient is small.
Use in mesh transition areas (fine mesh to coarse mesh).

Avoid using CST in stress concentration or other crucial areas in the
structure, such as edges of holes and corners.

Recommended for quick and preliminary FE analysis of 2-D problems.
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u = by 4 boxr + byy + by + bszy + bey?

u = b + box + b3y + bux® + bszy + bey’
where b; (i = 12, ..., 12) are constants. From these, the strains are found to be,
Ep = b2 + 2[)456 + b5y
Ey = by + biixz + 2019y
Yoy = (b3 + bg) + (bs + 2big)x + (2bg + b11)y

which are linear functions. Thus, we have the "linear strain triangle” (LST), which
provides better results than the CST.



In the natural coordinates system we defined earlier, the six shape functions for
the LST element are,

Ny = £(26 - 1)
Ny = n(n-—1)
Ny = ((2¢ - 1)
Ny = 48n
Ns = 4n¢
Ne = 4C¢

in which ¢ = 1 — & — n. Each of these six shape functions represents a
quadratic form on the element as shown in the figure.
Displacements can be written as,



Shape Function N, for LST
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Linear Quadrilateral Element (Q4)
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Linear Quadrilateral Element (Q4)
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Quadratic Quadrilateral Element (Q8)
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In the natural coordinate system (&, n), the eight shape functions are,

Ni= (-0 -DE+n+D),  No=(1-u)(-8)
Ny= (1 +80-Dn—E+1),  Ny=31+§1—)
Ny= (40 +DE+n—1),  Ne=31+n)(1-€)
Ni= (- D0+ )E-n+1),  Ne=3(1-§1-)

8
Again, we have > N; =1 at any point inside the element.

1=1
The displacement field is given by

8 8
U = E Nz Uyq, V= E Nz V;
1=1 1=1

which are quadratic functions over the element. Strains and stresses over a
quadratic quadrilateral element are linear functions, which are better
representations.



Notes:

Q4 and T3 are usually used together in a mesh with linear elements.
Q8 and T6 are usually applied in a mesh composed of quadratic elements.

Quadratic elements are preferred for stress analysis, because of their high
accuracy and the flexibility in modelling complex geometry, such as curved
boundaries.
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We use the ANSYS FEA software to do the modeling (meshing) and analysis,
using quadratic triangular (T6 or LST), linear quadrilateral (Q4) and quadratic
quadrilateral (Q8) elements. Linear triangles (CST or T3) is NOT available in
ANSYS.

The stress calculations are listed in the following table, along with the number of
elements and DOF used, for comparison.

Elem. | No. No. No. Con. O max T int Tequ

Type | Elem. | Nodes | Nodes (MPa) (MPa) (MPa)
16 28 68 6 243.893 | 243.893 | 227.667
16 112 256 22 307.410 | 307.450 | 297.075
16 1696 | 3516 102 323.862 | 323.862 | 321.905
Q4 26 27 4 172.021 | 172.021 | 162.552
Q4 136 162 16 289.973 | 289.973 | 275.606
Q4 2262 | 2372 72 326.127 | 326.127 | 320.291
Q8 26 80 6 296.565 | 296.565 | 292.053
Q8 94 322 30 313.909 | 313.909 | 309.209
Q8 1280 | 4012 142 321.204 | 321.204 | 319.996




Example 2 (Result)

prof. Ing. Roland Janc¢o, PhD.

RIESENIE 2D A 3D ULOH MKP

35



prof. Ing. Roland Janc¢o, PhD.

Example 2 (Result)
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4012 Nodes)

RIESENIE 2D A 3D ULOH MKP

37



(1280 Elements
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Example 2 (Result)
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Transformation of Loads
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Using the local (tangential) coordinate s, we can write the work done by traction
q as,

L
W, = t/o un(s)q(s)ds (24)

where t is the thickness, L the side length and u,, the component of
displacement normal to the the edge AB.
For the Q4 element (linear displacement field), we have

S S

Un(S) = (1 — Z) Upa + (f) Un B (25)

The traction ¢(s), which is also linear, is given in a similar way,

q(s) = (1 = %) ga + (%) qB (26)



Thus, we have,

L
t / [ UnA UnB
0

L
— [ @ unB}t/
0

tL
~ [ s e 15|

W,

]

2 1
I 2

S

L

[ (L—s/L)
(s/L)(1 —s/L)

I

dA
dB

and the equivalent nodal force vector is,

tL| 2 1 qA
6 | 1 2 4B

{ fa
/B

Note, for constant ¢, we have,

{

}:

fa
/B

}:

qtL
2

=

L)

(s/L)*

b

(s/L)(1 —s/L)

dA

4B

>d3

]dSIQA
dB

|



For quadratic element (either triangular or quadrilateral) the traction is converted

to forces at three nodes along the edge, instead of two nodes.
Traction tangent to the boundary, as well as body forces, are converted to nodal

forces in a similar way.
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Transformation of Loads
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The stress in an element is determined by following relation,

O o
oy = E Ey = EBd (27)
Tzl f}/xy

where B is the strain-nodal displacement matrix and d is the nodal
displacement vector which is known for each element once the global FE
equation has been solved.

Stresses can be evaluated at any point inside the element (such as the center)
or at the nodes. Contour plots are usually used in FEA software packages
(during post-process) for users to visually inspect the stress results.



The von Mises Stress:

The von Mises stress is the effective or equivalent stress for 2-D and 3-D stress
analysis. For a ductile material, the stress level is considered to be safe, if

Oc < Oy

where o, Is the von Mises stress and oy the yield stress of the material. This is
a generalization of the 1-D (experimental) result to 2-D and 3-D situations.

The von Mises stress is defined by

Oc — L\/(O’l —0'2)2 + (0'2 —()'3)2 + <0'3—O'1)2 (28)
V2

iIn which o1, 05, and o3 are the three principle stresses at the considered point in
a structure.



The von Mises Stress:

For 2-D problems, the two principle stresses in the plane are determined by

p Oz tO0y \/ Op — Oy : 5
o] = 5 + ( 5 ) = T
p Oz tO0y \/ Oy — Oy : .
2 T T T (T) Ty

Thus, we can also express the von Mises stress in term of stress components in
the xy coordinate system. For plane stress conditions, we have,

O = \/(U:,j + 0y)? — 3(oz0y — Tgy) (30)



Averaged Stresses:

Stresses are usually averaged at nodes in FEA software packages to provide
more accurate stress values. This option should be turned off at nodes between
two materials or other geometry discontinuity locations where stress
discontinuity does exist.



1) Know the behaviors of each type of elements:

T3 and Q4: linear displacement, constant strain and stress;

T6 and Q8: quadratic displacement, linear strain and stress.

2) Choose the right type of elements for a given problem:

When in doubt, use higher order elements or a finer mesh.

3) Avoid elements with large aspect ratios and corner angles:

Aspectratio = Linaz / Limin
where L,,.. and L,,;, are the largest and smallest characteristic lengths of an
element, respectively.



Discussions
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Discussions
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3D Elasticity Theory
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Stress State:

Strains:

or

or

(31)

(32)



Stress-Strains relation:

> —

Displacement:

Txy <1 + V)(l — 2V>

(34)




Strain-Displacement Relation:

Ex

Yy

or

or simply

0 u

ox

o v

ox

Y

+

€@'j

. _du 0w
Y oy’ 9z’
ou 0w o _ou
_1 8uz auj .
— 5(8:@ + 85[3@) 9 <Z7] - 17 27 3)
1

€ij 5 (Wig + i)

(tensor notation)



Equilibrium Equations:

ao—x Txy Trz
B 07
0x - 0y - 0z T
0 Tya oy o
+ = 0,
0x 0y - 0z Ty
OTog  Tay o,
R A}
0x - oy - 0z T
or
Oij.5 T fz =0
Boundary Conditions (BC’s):
u; = Uy, on [, (specified displacement)
t; = t;, on [, (specified traction)

(traCtiOn t; = 03 nj)



3D Elasticity Theory
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Displacement field:

In matrix form:

S <

u =Yl Niu,
v = Z,ﬁilNivi )

N
W = Zizl Nz’w@ y,

N

N, 0 0

0 Ny O

0O 0 N
or

where Uz, V;y Wy

0 0
Ny 0
0 N

u= Nd

© 1 (3x3N)

... nodal values

\

(38)

(BN x1)

(39)



Using relations (35) and (38), we can derive the strain vector

Ebx1) = Bxan)dsnxi

Stiffness Matrix:
K(ng) — / B(Za_wxa) E(6x6)B(6X3N>dV (40)
V

Numerical quadratures are often needed to evaluate the above integration.

Rigid-body motions for 3-D bodies (6 components):
3 translations, 3 rotations.

These rigid-body motions (singularity of the system of equations) must be
removed from the FEA model to ensure the quality of the analysis.
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lll Typical 3-D Solid Elements
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linear (6 nodes)
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quadratic (10 nodes)

quadratic (20 nodes)

quadratic (15 nodes)
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lll Typical 3-D Solid Elements

mapping (x<&)
-I<&Enl<1i)
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Shape functions:

NE ¢ = 21— &1 —nl-0),

8
N6 m Q) = 0+ 80 - m - Q).
N6 m Q) = 0+ +m0 -0,

1
Ns(€m,¢) = 01—+ +0),
Note that we have the following relations for the shape functions:
Nz(£j7 7737C]> — 5@37 Z).] — ]-7 27 78

8
1=1

1



Coordinate Transformation (Mapping):

8 8 8
z =) Nizi, y=> Ny, 2= Nz.
i—1 i—1 i=1

The same shape functions are used as for the displacement field.

=- Isoparametric element.

Jacobian Matrix:

(Ju ) " OJdx Oy 0z
0¢ 0¢ 0 0¢
< Ju . or Oy 0z
on | 9n On On
Jdu dr Oy Oz
. dC¢ | 0¢ 0¢ 0¢

N7 .
= J Jacobian matrix

(43)

(44)



=

and

also for w.

b = J ¢

= §

sy = J 14




( au )
?
c 0u
Ex (9y
“y 0w
€z
€ = 4 > = 9 ov Z@u ¢ = - - cuse (15) — Bd
Yzy 4+
Yz dx  0Jy
Jw 0w
| Yo ) —— .
Jdy 0z
ou . 0w
\ (3’2 837 J
where d is the nodal displacement vector,
l.e.,
€6x1) = B(6><24) dosx1 (45)

Strain energy,

1 1 1 1
U = —/ ol edV = —/(Es)TedV — —/ e'EedV = =d” /BTEBdV d
2 \%4 2 |4 2 |4 2 %4

(46)



Element stiffness matrix,

Koax24) = / B" 21x6)E(6x6) Box24 dV
1%

In £ n ¢ coordinates:
dV = (detJ)dédndC

= k—///BTEB (det J) d€ dn d¢

(Numerical integration)

3-D elements usually do not use rotational DOFs.

(47)

(48)

(49)
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lll Typical 3-D Solid Elements

Nodal forces for 20-node

Hexahedron
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Solids of Revolution (Axisymmetric Solids):

Baseball bat
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Solids of Revolution (Axisymmetric Solids):

(x,v.2) = (.62
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Solids of Revolution (Axisymmetric Solids):

(50)

<
\ (rtu)d6
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Solids of Revolution (Axisymmetric Solids):

i
i
i

3-node element (ring) 4-node element (ring)
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or

o 1l 1,1
_ T _ T
k = /0 / / B EB r(det J)d¢ dndf 27T/ / B EB r(det J)d¢ dn (53)

—1J-1 —1J-1
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Solids of Revolution (Axisymmetric Solids): - Application

iz
ui_)‘ o angular velocity (rad/s)
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Solids of Revolution (Axisymmetric Solids): - Application

q=(p)2r
EEREREERRRRE
VL
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Solids of Revolution (Axisymmetric Solids): - Application

prof. Ing. Roland Jan&o, PhD. RIESENIE 2D A 3D ULOH MKP

75



back to start

)
G E._\_: \_‘| E

prof. Ing. Roland Jan&o, PhD. RIESENIE 2D A 3D ULOH MKP



